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1 Introduction 



D-branes on group manifolds have been the subject of much work, both from the alge- 
braic and geometric points of view PQ [2E]- (For a review, see ref. j2Zj- See also ref. |28j.) 
Algebraically, these D-branes correspond to the allowed boundary conditions for a Wess- 
Zumino-Witten (WZW) model on a surface with boundary 29J. 

Much can be learned about D-branes by studying their charges, which are classified by 
K-theory or, in the presence of a cohomologically nontrivial if-field background, twisted 
K-theory [30] • The charge group for D-branes on a simply-connected group manifold G with 
level K is given by the twisted K-group PH [H EUl E2 E3 EES 

K*{G) = ®? =l l. x , m = 2 rankG - 1 (1.1) 

where = 1.jx"S. with x an integer depending on G and K. For su(iV)^, for example, x is 
given by [TU] 

N + K 

XN ' K = gcd{iV + K, lcm{l, . . . , N - 1}} ' (1 ' 2) 

One of the Z x factors in the charge group corresponds to the charge of untwisted (symmetry- 
preserving) D-branes. For su(iV) with N > 2, another of the ~%- x factors corresponds to 
D-branes twisted by the charge-conjugation symmetry. For the D-branes corresponding to 
the remaining factors, see refs. [TU1 112[ ITS]. 

WZW models with classical Lie groups possess an interesting property called level-rank 
duality: a relationship between various quantities in the su.(N)k, so(N)k, or sp(n)fc model, 
and corresponding quantities in the level-rank dual su(K)n, so(K)n, or sp(A;) n model 
[3*7] . Implications of level-rank duality for boundary Kazama-Suzuki models were explored 
in ref. [2U . 

In ref. [3S], we began the study of level-rank duality in boundary WZW theories, and in 
particular the level-rank duality of untwisted D-branes of su(N)k- In this paper, we extend 
this work to untwisted D-branes of the sp(n)fc WZW model, and to twisted D-branes of 
su(2n + l)2fc+i, which are closely related to the untwisted D-branes of sp(n)k- We focus on 
two aspects of this duality: the relation between the DO-brane charges of level-rank dual 
D-branes, and the level-rank duality of the spectrum of an open string stretched between 
untwisted or twisted D-branes (i.e., the coefficients of the open-string partition function). 
For untwisted D-branes, these coefficients are given by the fusion coefficients of the bulk 
WZW theory [2H], so duality of the untwisted open-string partition function follows from 
the well-known level-rank duality of the fusion rules j^H E3 EH]- For twisted D-branes, 
the open-string partition function coefficients may be calculated in terms of the modular- 
transformation matrices of twisted affine Lie algebras jH El EE]- I n this paper, we show 
that the spectrum of an open string stretched between twisted D-branes of su(2n + l)2fe+i is 
level-rank dual. 

In section 2, we review some salient features of untwisted D-branes of WZW models. 
Section 3 describes the level-rank duality of the charges of untwisted D-branes of su(A^)^ 
for all values of iV and K (our results in ref. |38j were restricted to iV + K odd), and of the 
untwisted open-string partition function. Section 4 describes the level-rank duality of the 
charges of untwisted D-branes of sp(n) fc , and of the untwisted open-string partition function. 
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Twisted D-branes of WZW models are reviewed in section 5, and section 6 is devoted to 
demonstrating the level-rank duality of the charges of twisted D-branes of su(2n + l) 2 k+i, 
and of the twisted open-string partition function. Concluding remarks constitute section 7. 

2 Untwisted D-branes of WZW models 

In this section, we review some salient features of Wess-Zumino-Witten models and their 
untwisted D-branes. 

The WZW model, which describes strings propagating on a group manifold, is a rational 
conformal field theory whose chiral algebra (for both left- and right-movers) is the (untwisted) 
affine Lie algebra §k at level K. The Dynkin diagram of gx has one more node than that 
of the associated finite-dimensional Lie algebra g. Let (m , mi, • • • , m n ) be the dual Coxeter 
labels of g K (where n = rank g) and h v = J2i=o m i the dual Coxeter number of g. The 
Virasoro central charge of the WZW model is then c = K dim g/(K + h y ). 

The building blocks of the WZW conformal field theory are integrable highest-weight 
representations V\ of gx, that is, representations whose highest weight A G has non- 
negative Dynkin indices ( ) satisfying 

n 

Y j m l a i = K. (2.1) 

i=0 

With a slight abuse of notation, we also use A to denote the highest weight of the irreducible 
representation of g with Dynkin indices (a±, • • • , a n ), which spans the lowest-conformal- weight 
subspace of V\. 

For su(n + 1)k = (A^) K and sp(n)x = (C^)k, the untwisted affine Lie algebras with 
which we will be principally concerned, we have mj = 1 for i — 0, • • • , n, and h y = n + 1. 
It is often useful to describe irreducible representations of g in terms of Young tableaux. 
For example, an irreducible representation of su(n + 1) or sp(n) whose highest weight A has 
Dynkin indices a» corresponds to a Young tableau with n or fewer rows, with row lengths 

n 

£i = Y,aj, i = l,...,n. (2.2) 

j=i 

Let r(A) = Yh=\U denote the number of boxes of the tableau. Representations A cor- 
responding to integrable highest-weight representations V\ of su(n + \)k or sp(n)x have 
Young tableaux with K or fewer columns. 

We will only consider WZW theories with a diagonal closed-string spectrum: 

H closed = V\ ® V\* (2.3) 

where V represents right-moving states, and A* denotes the representation conjugate to A. 
The partition function for this theory is 

z closcd (r)= £ | Xa(t) |2 {2A) 
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where 

Xx{r) = ^v x q Lo - c/2 \ q = e 2mT (2.5) 

is the affine character of the integrable highest- weight representation V\. The affine charac- 
ters transform linearly under the modular transformation r — > — 1/r, 

Xa(-1/t) = £ S, x X ,(t) , (2.6) 

and the unitarity of 5* ensures the modular invariance of the partition function ()2.4|) . 

Next we turn to consider D-branes in the WZW model [1]- 26J. These D-branes may 
be studied algebraically in terms of the possible boundary conditions that can consistently 
be imposed on a WZW model with boundary. We consider boundary conditions that leave 
unbroken the cjk symmetry, as well as the conformal symmetry, of the theory, and we label 
the allowed boundary conditions (and therefore the D-branes) by a, /3, ■ ■ •. The partition 
function on a cylinder, with boundary conditions a and (3 on the two boundary components, 
is then given as a linear combination of affine characters of cjk E 



^ P /»= E ^x a Xx(r). (2.7) 

AGP^ 



This describes the spectrum of an open string stretched between D-branes labelled by a and 
(3. 

In this section, we consider a special class of boundary conditions, called untwisted (or 
symmetry-preserving) , that result from imposing the restriction 



r(z) - r(z) 



(2. 



on the currents of the affine Lie algebra on the boundary z = z of the open string world- 
sheet, which has been conformally transformed to the upper half plane. Open-closed string 
duality allows one to correlate the boundary conditions ()2.8|) of the boundary WZW model 
with coherent states \B)) G 7i closed of the bulk WZW model satisfying 



.C + J a _ m \\B)) = 0, meZ (2.9) 

where are the modes of the affine Lie algebra generators. Solutions of eq. (12. 9|) that 
belong to a single sector <S) V^* of the bulk WZW theory are known as Ishibashi states 
[39J, and are normalized such that 

MQ H W)h = <Wm(t) » V = ( 2 - 10 ) 

where H = | ^L + L — j^cj is the closed-string Hamiltonian. For the diagonal theory 
f!2.3|) . Ishibashi states exist for all integrable highest- weight representations fi G of g%. 

A coherent state \B)) that corresponds to an allowed boundary condition must also 
satisfy additional (Cardy) conditions (2H1; among which are that the coefficients np\ a in 
eq. ()2.7|) must be non-negative integers. Solutions to these conditions are labelled by inte- 
grable highest-weight representations A G P¥ of the untwisted affine Lie algebra §k, and 
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are known as (untwisted) Cardy states \\))c- The Cardy states may be expressed as linear 
combinations of Ishibashi states 

|A»c = E 4=1/^ (2-H) 

where is the modular transformation matrix given by eq. (|2.6|) . and denotes the identity 
representation. Untwisted D-branes of §k correspond to \X))c and are therefore also labelled 
by A E P*. 

The partition function of open strings stretched between untwisted D-branes A and \x 

Z%T(T) = E n^xAr) (2.12) 

may alternatively be calculated as the closed-string propagator between untwisted Cardy 
states |22| 

Zir(T)=c((\\q H Hc, gW™^). (2.13) 
Combining eqs. (12~T3D . ff^TTT) . (l2~TU|) . (I2~T)|) . and the Verlinde formula @U], we find 

z op Cn(r)= E ^ Xp( _ 1/r)= E E ^|^^( T ) = £ iV^(r). (2.14) 
peP K ^o P .epKpep^ vePf 

Hence, the coefficients n^ u x in the open-string partition function ()2.12|) are simply given by 
the fusion coefficients N^J" of the bulk WZW model. 

Finally, an untwisted D-brane labelled by A G P+ can be considered a bound state of D0- 
branes |HJ El IE1 El CHI C2] ■ It possesses a conserved DO-brane charge Q\ given by (dimA) g , 
but the charge is only defined modulo some integer [HI CHI C21 EI] • For D-branes of su(N)k, 
for example, this integer is given by eq. (jl.2|) . thus 

Qx = (dim A) su (iv) mod x N>K for su(N) K (2.15) 

is the charge of the untwisted D-brane labelled by A. 



3 Level-rank duality of untwisted D-branes of $u.(N)k 

In ref. [SB], the relation between the charges of untwisted D-branes of the su(N)k model and 
those of the level-rank- dual su(K)n model was ascertained for odd values of N + K. In this 
section, we extend these results to all values of N and K. 

Since charges of su(N) K D-branes are only defined modulo xn,k, and those of su(K) N 
D-branes modulo xk,n, comparison of charges of level-rank-dual D-branes is only possible 
modulo gcdj^AT ^, xk,n}- Without loss of generality we will henceforth assume that N > K, 
in which case gcd{xN,K, xk,n} = ^v,^- 

Level-rank duality of untwisted D-brane charges 

Given a Young tableau A corresponding to an integrable highest-weight representation of 
su.(N)k (with N — 1 or fewer rows, and K or fewer columns), its transpose A corresponds to 
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an integrable highest-weight representation of su(K)n- (The map between representations of 
su.(N) K and su(K) n is not one-to-one, but the map between cominimal equivalence classes of 
representations is. These equivalence classes are generated by the simple- current symmetry 
a of su(N)k, which takes A into A' = cr(A), where the Dynkin indices of A' are a- = aj_i for 
i — 1, . . . , N — 1, and a' Q = cln-i-) 

For odd N + K, the relation between Q\, the charge of the untwisted su(N) K D-brane 
labelled by A, and Q^, the charge of the level-rank- dual su.(K) N D-brane labelled by A, was 
shown to be 



Q- x = (_i)KA)q a modx N , K , for iV + K odd . (3.1) 

where r(A) is the number of boxes in the tableau A. In this section, we show that for the 
case of even N + K, the charges obey 

Q- x = Qx modx N>K , for iV + K even (except for N = K = 2 m ). (3.2) 

In the remaining case, we conjecture the relation 

modx 'hen AT I "-(A) | forJV = „ (3 3) 
\ Qx modx N , N , when N /r(A) J v ; 

for which we have numerical evidence, but (as of yet) no complete proof. 

Proof of eq. \3. fy) : We proceed as in ref. [SH] by writing the dimension of an arbitrary 
irreducible representation A of su(N) (with row lengths li and column lengths fcj) as the 
determinant of an l\ x i x matrix (eq. (A. 6) of ref. jH]) 

(dimA) su(Ar ) = (dimA^+^s^AT) , ij = 1,...,^ (3.4) 

where A s is the completely antisymmetric representation of su(iV), whose Young tableau is 
|}s. The maximum value of s appearing in eq. ()3.4)1 is k\ + 1\ — 1, which is bounded by 
N + K — 2 for integrable highest-weight representations of su(A^)^. The representations Ao 
and Ajv both correspond to the identity representation, with dimension 1. For 1 < s < N— 1, 
A s are the fundamental representations of su(A r ), with (dim A s ) su (tv) = yl)- We define 
dimA s = for s < and for s > N. 
In ref. EHI, we showed that 



(dimA s ) su(A r) 



[— l) s (dim A s ) su (x) niod xn,k, for s < N + K — 2, except s = N 
-l)- ftr - 1 (dimA s ) su (^) modx NjK , for s = N 

(3.5) 

where A s is the completely symmetric representation of su(i^), whose Young tableau is 
am. (We define dimA s = for s < 0.) When N + K is odd, eq. ()3.5|) becomes simply 

s 

(dim A s ) su (tv) = (— l) s (dim A s ) su (#) mod^Ar^ for all s < N + K — 2. This was used in 
ref. P3 to yield eq. fTTj) . 

Now we turn to the case of even N + K, first considering N > K. In eq. ()1.2|) . the factor 
lcm{l, . . . ,N — 1} then contains (N + K)/2, so x^ t K is at most 2. It is easy to see that 
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Xn,k = 2 if N + K = 2 m , and Xn,k = 1 otherwise. For xn,k < 2, the minus signs in eq. (|3.5|) 
are irrelevant (since n = —n mod 2), so we may simply write 

(dim A s ) su (tv) = (dim A s ) su( 7<-) mod xnk, for s < N+K— 2, with N+K even and N > K . 

(3.6) 

We will use this below. 

Next we consider N = K. We begin by observing that if iV is a power of a prime p, 
then xn,n — 4 if p = 2, and xn,n = P if P > 2. If iV contains more than one prime factor, 
then xn,n = 1- In the latter case, eq. (|3.2|) is trivially satisfied, so we need only consider 
N = K = p m , where p is prime. Let us obtain the relation between (dim A s ) su ( p m) and 
(dim A s ) su ( p m) by considering three separate cases: 

• < s < N-l: 

By examining the factors of p (prime) in the numerator and denominator of (dim A s ) su ( p m) 
( P s one can establish that if p 1 ' 1 divides s but p l does not (for any / < m), then 
prn-i+i diyj^gg ^ Thus (dim A s ) su ( p m) = mod p for 1 < s < N — 1. Combining 
this with eq. ()3.5|) . we have 

(dim A s ) su ( p m) = (dim A s ) su ( p m) mod xn,n, for 1 < s < N — 1 . (3.7) 

This is trivially extended to s — 0. 

• s < 0, or N + 1 < s < 2N -2: 
In this case, 

(dim A s ) su ( p m) = (dim A s ) su ( p m) mod x^ n, for s < 0, or A^ + 1 < s < 2A^ — 2 , 

(3.8) 

is valid because the 1. h. s. vanishes, and so, by eq. ()3.5|) . the r. h. s. either vanishes or 
is a multiple of xn,n- 

• s = N: 

The remaining case yields |3*H] 

(dimA 7V ) su(pm) = (-l) Ar ~ 1 (dimA A r) su(p m ) mod x N>N (3.9) 

which is in accord with the other cases when p is a prime other than 2. 

We combine these results with eq. (J3.6|) to write 

(dim A s ) su (iv) = (dimA s ) su ( X ) mod x NjK , for s < N + K - 2, 

for N + K even (except N = K = 2 m ). (3.10) 

Inserting this in eq. ()3.4|) . we find 

(dim A) su( 7v) = (dimA fc!+j _ i ) su(K) mod x N>K , forN + K even (except N = K = 2 m ). 

(3.11) 
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By an alternative formula for the dimension of a representation (eq. (A. 5) of ref. |H|), the 
r.h.s. is the dimension of a representation of su(K) with row lengths fej and column lengths 
£i, 3 that is, the transpose representation A, hence 

(dimA) S u(jv) = (dim A) su (if) m od xn,k, forN + K even (except N = K = 2 m ). (3.12) 

from which eq. ()3.2j) follows. 4 

Level-rank duality of the untwisted open string spectrum 

In ref. |3E1 EE], it was shown that the fusion coefficients N^ v x of the bulk su(N)k WZW 
model are related to those of the su.(K) N WZW model, denoted by N, by 

where A = [r(/i) + r(u) — r(X)]/N. 

Since by eq. (j2.14|) the fusion coefficients are equal to the coefficients of the 

open-string partition function (j2.12|) . it follows that if the spectrum of an s\\(N) K open 
string stretched between untwisted D-branes A and /i contains n^ v x copies of the highest- 
weight representation V v of su(AQx, then the spectrum of an su.(K) N open string stretched 
between untwisted D-branes A and jl contains an equal number of copies of the highest-weight 
representation V a -&ip-\ of su.(K)n. 



4 Level-rank duality of untwisted D-branes of sp(n)^ 

In this section, we examine the relation between untwisted D-branes of the sp(n)k model 
and those of the level-rank- dual sp(fc) n model. 

Untwisted D-branes of sp(n)fc are labelled by integrable highest-weight representations 
V\ of sp(n)k = (C^)k- The DO-brane charge of D-branes of sp(n)k are defined modulo the 
integer [2T| ITTj 

n + k + 1 

x = 

gcd{n + k + 1, lcm{l, 2, 3, . . . , n, 1, 3, 5, . . . , 2n — 1}} 

n + k + 1 
gcd{n + k + 1, |lcm{l, 2, . . . , 2n}} 

2(n + k + l) 
gcd{2(n + k + 1), lcm{l, 2, . . . , 2n}} 

(4.1) 

3 If A has l\ — K, then the transpose A contains leading columns of K boxes. In that case, one can apply 
the formula ^2] Qa(\) — (~l) N1 Qx m °d %n,k several times to relate A to a tableau with no rows of length 
K before using eq. I|3.4ll . The minus sign is irrelevant when xn,k < 2, and vanishes when N is an odd prime. 

4 Since minus signs are irrelevant when xm,k < 2, eq. 1)3. 1|) actually holds for all N ^ K, not just odd 
N + K . Equation 13. 1|) is not valid, however, when N — K. This is most easily seen by considering 
representations of s\i(N)n whose tableaux are invariant under transposition, and whose dimensions are not 
multiples of x, such as the adjoint of su(3)3. 
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where X2 n +i,2k+i is given by eq. (jl.2J) . That is, 

Qx = (dimA) sp ( n ) mod x 2 „+i,2fc+i for sp(n) k (4.2) 

is the charge of the untwisted sp(n)k D-brane labelled by A, where (dim A) sp ( n ) is the dimen- 
sion of the sp(n) representation A. As we showed in the previous section, for n ^ k, we 
have X2n+i,2fc+i = 2iin + k + l = 2 m , and X2n+i,2fc+i = 1 otherwise. For n = k, we have 
^2n+i.2n+i = p if 2n + 1 = p m , and £2n+i,2n+i = 1 if 2n + 1 contains more than one prime 
factor. 

Since charges of sp(n) k D-branes are only defined modulo X2n+i,2fc+i> anc ^ those of sp(k) n 
D-branes modulo X2k+i.2n+i, comparison of charges of level-rank-dual D-branes is only pos- 
sible modulo gcd{x2n+i,2fc+i, £2fc+i,2n+i}- Without loss of generality we henceforth assume 
that n > k, in which case gcd{x 2n +i,2fc+i > x 2k +i,2n+i} = x 2n +i,2k+i- 

Level-rank duality of untwisted D-brane charges 

Given a Young tableau A corresponding to an integrable highest-weight representation of 
sp{ n )k (with n or fewer rows and k or fewer columns), its transpose A corresponds to an 
integrable highest-weight representation of sp(/c) n . The mapping between representations is 
one-to-one, in contrast to the case of su(iV)#. 

We will show that the relation between Qx, the charge of the sp(n) k D-brane labelled by 
A, and Q^, the charge of the level-rank- dual sp(fc) n D-brane labelled by A, is given by 

Qx = Qx mod x 2n+ i,2k+i ■ (4.3) 

The relation (J4.3)) is nontrivial only when x 2n +i,2k+i > 1, that is, when n ^ k with n+k + 1 = 
2 m , or when n = k with 2n + 1 = p m . 

Proof of eq. \4-$) : We may write the dimension of an arbitrary irreducible representation A 
of sp(n) as the determinant of an t\ x £ 1 matrix (Prop. (A. 44) of ref. jUj; see also ref. [3*7] ) 

Xki (Xki+i + Xfci-i) • • ' (Xfci+^i-i + Xfei-^i+i) 

i j = 1 . . . £ 

Xki—i+l {Xki-i+2 + Xki-i) ■ ■ ■ {Xki+h-i + Xk x -t 

(4.4) 

where Xs = (dim A s ) sp ( n ), with A s the completely antisymmetric representation of sp(n), 
whose Young tableau is |}s. The maximum value of s appearing in eq. (|4.4J) is k\ + 1\ — 1, 
which is bounded by n + k — 1 for integrable highest-weight representations of sp(n)fe. The 
representation Ao corresponds to the identity representation with dimension 1. For 1 < s < 
n, A s are the fundamental representations of sp(n). (We define (dim A s ) sp ( n ) = for s < 
and for s > n.) Also, let A s be the completely symmetric representation of sp(/c), whose 
Young tableau is mn. (We define (dim A s ) sp (fc) = for s < 0.) 

s 

Next, we may use the branching rules (A s ) su ( 2n+1 ) = ©j =0 (A t ) sp ( n ) (for s < n) and 
(A s )su(2n+i) = ffi?=o(^-*)sp(n) of su(2n + 1) D sp(n) to relate the dimensions of the funda- 
mental representations of sp(n) to those of the fundamental representations of su(2n + 1): 

(dimA s ) sp(n) = (dimA s ) su ( 2n +i) - (dimA s _i) su ( 2n +i) , 



(dimA) sp(n) = 
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(dimA s ) sp ( fc ) = (dimA s ) su ( 2 fc+i) - (dimA s _i) su ( 2 fc + i) . (4.5) 
Using this together with eq. ([3. 10)1 . we have 

(dim A s ) sp(n) = (dim A s ) sp(fc) mod x 2n +i,2k+i, for s < 2n + 2k . (4.6) 
We use this in eq. ()4.4j) to obtain 

Xkx {Xki+l + Xfci-l) ' ' ' (Xfci+4-l + Xkx-h+l) 



(dim A) 



sp(n) 



Xki-i+1 (Xki—i+2 + Xki-i) 



KXki+h-i + Xk 1 -£ 1 -i+2) 



mod x 2n +i,2k+i 



(4.7) 



where \ s = (dim A s ) sp (fc). By an alternative formula for the dimension of a representation 
(Prop. (A. 50) of ref. jB]), the r.h.s. is the dimension of a representation of sp(/c) with row 
lengths ki and column lengths that is, the transpose representation A, hence 



(dim A) 



sp(fc) 



mod X2n+1 ,2fc+l) 



(4.8) 



(dim A) sp(n ) 
from which eq. (j4.3|) follows. QED. 

Level-rank duality of the untwisted open string spectrum 

In ref. it was shown that the fusion coefficients of the bulk sp(n) fc WZW model 

are related to those of the sp(fc) n WZW model by 



N~~ 

fjlU 



(4.9) 



Since the fusion coefficients A^ J/ A are equal to the coefficients of the open-string partition 
function, it follows that if the spectrum of an sp(n)fc open string stretched between untwisted 
D-branes A and /i contains n^ u x copies of the highest-weight representation V u of sp(n)fc, then 
the spectrum of an sp(A;) n open string stretched between untwisted D-branes A and \x contains 
an equal number of copies of the highest-weight representation V„ of sp(/c) n . 



5 Twisted D-branes of WZW models 

In this section we review some aspects of twisted D-branes of the WZW model, drawing on 
refs. (21 El EE]- As in section 2, these D-branes correspond to possible boundary conditions 
that can imposed on a boundary WZW model. 

A boundary condition more general than eq. (j2.8|) that still preserves the gx symmetry 
of the boundary WZW model is 



J a (z) - LUT(Z) 







(5.1) 



where u is an automorphism of the Lie algebra g. The boundary conditions (|5.1|) correspond 
to coherent states \B)) W e H closed of the bulk WZW model that satisfy 



\B)Y 







m G Z . 



(5.2) 
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The cu-twisted Ishibashi states \[i))f are solutions of eq. (|5.2|) that belong to a single sector 
V[m <8> VuQi)* °f the bulk WZW theory, and whose normalization is given by 

1Mq H \v)Yi =5 ia ,X lt {r), q = e 2 ™. (5.3) 

Since we are considering the diagonal closed-string theory (12. 3|) . these states only exist when 
\i = so the untwisted Ishibashi states are labelled by /i G £ w , where £ w C P+ are 

the integrable highest-weight representations of gx that satisfy o>(/z) = /i. Equivalently, \i 
corresponds to a highest-weight representation, which we denote by vr(/x), of g, the orbit Lie 
algebra [12] associated with g K . 

Solutions of eq. ()5.2j) that also satisfy the Cardy conditions are denoted cu-twisted Cardy 
states \o))q, where the labels a take values in some set B u . The otwisted Cardy states may 
be expressed as linear combinations of cu-twisted Ishibashi states 

W))c= E %^>>? (5-4) 

where Vw^) are some as-yet-undetermined coefficients. The cu-twisted D-branes of qk cor- 
respond to \ct))c and are therefore also labelled by a G B^. These states (apparently) corre- 
spond |lj to integrable highest-weight representations of the cu-twisted affine Lie algebra g\ 
(but see ref. [H]). 

The partition function of open strings stretched between u;-twisted D-branes a and j3 

ZJ^) = E VXa(t) (5.5) 

may alternatively be calculated as the closed-string propagator between cu-twisted Cardy 
states 

Z:j n (r) = " c {{<x\f\P))c , Q = e 2m( " 1/T) ■ (5.6) 
Combining eqs. (Q, (Q, and 1(51)1) . we find 



z c$ ( T ) = E ^ Xpi-yr) = 2^ E ^ w) • (5.7) 

pe£ u >J0p XgP k pS £> '-'op 



+ 



Hence, the coefficients of the open-string partition function ()5.5j) are given by 

= E . (5.8) 

pe£<" "Op 

Finally, the coefficients i^ a n(p) relating the tu-twisted Cardy states and tu-twisted Ishibashi 
states may be identified ^4J with the modular transformation matrices of characters of twisted 
affine Lie algebras [46 , as may be seen, for example, by examining the partition function of 
an open string stretched between an tu-twisted and an untwisted D-brane [TJJ HB] . 
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6 Level-rank duality of twisted D-branes of su(2n + l)2Jfe+i 

The finite Lie algebra su(iV) possesses an order-two automorphism u c arising from the invari- 
ance of its Dynkin diagram under reflection. This automorphism maps the Dynkin indices of 
an irreducible representation eij — > ajv-i, and corresponds to charge conjugation of the rep- 
resentation. This automorphism lifts to an automorphism of the affine Lie algebra su(N)x, 
leaving the zero th node of the extended Dynkin diagram invariant, and gives rise to a class 
of c<j c -twisted D-branes of the su.(N) K WZW model (for N > 2). Since the details of the 
u; c -twisted D-branes differ significantly between even and odd N, and we will restrict our 
attention to the a; c -twisted D-branes of the su(2n + 1)2^+1 = (^2n)2fc+i WZW model. 

First, recall that the o; c -twisted Ishibashi states |/i))/ c are labelled by self-conjugate inte- 
grable highest-weight representations [i G S w of (A^^fc+i- Equation ()2.1|) implies that the 
Dynkin indices (a , ai, a 2 , • • • , a„_i, a n , a n , a„_i, • • • , a±) of fi satisfy 

a + 2( ai + --- + a n ) = 2k + l. (6.1) 

In ref. (12], it was shown that the self-conjugate highest- weight representations of (^2n)2A;+i 
are in one-to-one correspondence with integrable highest weight representations of the asso- 
ciated orbit Lie algebra g = (A^^fc+i, whose Dynkin diagram is 

o y o o o o o o o y o 

222222221 

with the integers indicating the dual Coxeter label m; of each node. The representation 
/i G corresponds to the (A^^fc+i representation 7c(jj,) with Dynkin indices (do, a%, ■ ■ ■ , a n ). 
Consistency with eq. (|6. lj) requires that the dual Coxeter labels are (m , m 1; • • • , m n ) = 
(1, 2, 2, • • • , 2), and hence we must choose as the zero th node the right-most node of the 
Dynkin diagram above. The finite part of the orbit Lie algebra g, obtained by omitting the 
zero th node, is thus C n . (Note that C n is the orbit Lie algebra of the finite Lie algebra A 2n 

0210 

Observe that, by eq. (|6.1|) . a must be odd, and that the representation 7r(yu) of the 
orbit algebra g is in one-to-one correspondence [121 [13 EH] with the integrable highest- 
weight representation vr(yu)' of the untwisted affine Lie algebra (CW)^ with Dynkin indices 
(a' Q , a[, ■ • • , a' n ), where a' Q = |(a — 1) and — for i — 1, • • • , n. 

Next, the a; c -twisted Cardy states |a))^ c (and therefore the o; c -twisted D-branes) of the 
(v4 2 ^) 2 fc+i WZW model are (apparently) labelled [UJ by the integrable highest-weight rep- 

resentations a G B Wc of the twisted Lie algebra (^fc+i = (^2n)2fc+i (but see ref. (IHl)- We 
adopt the same convention as above for the labelling of the nodes of the Dynkin diagram 
(consistent with refs. |4b't IT6*j but differing from refs. O EH]). Thus, the Dynkin indices 
(ao, a\i • • • , a n ) of the highest weights a must also satisfy eq. (|6.1|) . and the cj c -twisted D- 
branes are therefore characterized C2] by the irreducible representations of C n = sp(n) 
with Dynkin indices (ai, • ■ ■ , a n ) (also denoted, with a slight abuse of notation, by a). The 
charge of the a» c -twisted D-brane of su(2n + l) 2 fe+i labelled by a is given by [T7] 

Q% c = (dima) sp(ri ) mod x 2n +i,2k+i for su(2n + l) 2 fc+i • (6.2) 
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The periodicity of the charge is the same as that of all D-branes of su(2n + 1)2^+1- 

Observe also that the i+> c -twisted D-branes a G B ulc are in one-to-one correspondence with 
integrable highest-weight representations a' of the untwisted affine Lie algebra (Cj^)k with 
Dynkin indices (a' Q , a'±, ■ ■ ■ , a' n ), where a' = |(do — 1) and a[ — di for i — 1, • • - , n. That is, 
both the u; c -twisted Ishibashi states and the cu c -twisted Cardy states of su(2n + 1)2*1+1 are 
classified by integrable representations of sp(n)k- 

Recall from eq. ()5.8|) that the coefficients of the partition function of open strings stretched 
between u; c -twisted D-branes a and (3 are given by 

n/0 ? = £ r ^ S q Xp ^ {p) (6.3) 

where a, (3 G £> Wc , A G P+, and ir(p) is the representation of the orbit Lie algebra (A^njafc+i 
that corresponds to the self-conjugate representation p of su(2ri + 1)2^+1- The coefficients 
^ovr(p) are given jH El CHI by the modular transformation matrix of the characters of 
(45) 2fc+i- These in turn may be identified [121 El QUI with S' a , n ^ p y, the modular trans- 
formation matrix of (C^)k = sp(n)k, so 

We will use this below to demonstrate level-rank duality of np\ a . 
Level-rank duality of twisted D-brane charges 

It is now straightforward to show the equality of charges of level-rank-dual u; c -twisted D- 
branes of su(2n + 1)2^+1- As seen above, the ^-twisted su(2n + 1)2*1+1 D-brane labelled by a 
is in one-to-one correspondence with an integrable highest-weight representation a' of sp(n)fc, 
and has the same charge ()6.2|) as the untwisted sp(n) fc D-brane labelled by a f ()4.2|) . including 
periodicity. The integrable highest-weight representation a' of sp(n)^. is level-rank-dual to 
the integrable highest-weight representation a' of sp(k) n obtained by transposing the Young 
tableau corresponding to a', and the charges of the corresponding untwisted D-branes obey 

(dima')sp(n) = (dimd')sp(jfe) mod x 2n +i,2k+i, (6.5) 

as shown in sec. 4. Therefore the u; c -twisted D-branes of su(2n + 1)2^+1 are in one-to-one 
correspondence with the cu c -twisted D-branes of su(2/c + 1)271+1, and the charges of level- 
rank-dual u; c -twisted D-branes obey 

Qa c = Qt mod x 2n+1>2k+1 (6.6) 

where the map between u; c -twisted D-branes is given by transposition of the associated sp(n)k 
tableaux. 

Level-rank duality of the twisted open string spectrum 

The coefficients of the partition function of open strings stretched between u; c -twisted D- 
branes a and (3 are real numbers so we may write ()6.4|) as 

n /3A = 2^ qi • ( b '0 

pe£ w °0p 
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Under level-rank duality, the su(N)k modular transformation matrices transform as j35| IHB] 



and the (real) sp(n)k modular transformation matrices transform as 

S' a 'p> = S'~,£, = S'*p, (6.9) 

where S and S' denote the svl(K)n and sp(A;) n modular transformation matrices respectively, 
p, is the transpose of the Young tableau corresponding to the su(N)k representation /i, and 
a' is the transpose of the Young tableau corresponding to the sp(n)k representation a'. These 
imply 



S>* ~S- XS S', 

= L — 

p££" ^Op 



a'v(p)'' X ^ P'ir(p)' n 2Trir(X)r(p)/(2n+l)(2k+l) 
So 



jj* S~~ib~ 

= an(p) /Mp) ^Tm-fAMp) / '(2n+l)(2fc+l) ^ 

p&S" Sop 

Let p be the self-conjugate su(2A; + l)2 n +i representation that maps to the sp(A;) n represen- 
tation 7r(p) , which is the transpose of the sp(n)k representation 7r(p) . In other words, the 
representation ir(p) of the orbit algebra is identified with 7r(p). Now p is not equal to p (the 
transpose of p), which is generally not a self-conjugate representation, but they are in the 
same cominimal equivalence class, 

p = a r(rf/(2n+1) (p), (6.11) 
which we prove at the end of this section. Equation ()6.11|) implies that [351 EH] 

S x - = e - 27 ™-(AMp)/(2n+l)(2fc+l) (6.12) 

so that eq. (|6.10J1 becomes 

n ^ = L = n p\ > ( 6 - 13 ) 

p '-'Op 

proving the level-rank duality of the coefficients of the open-string partition function of un- 
twisted D-branes of su(2n + 1)2/1+1 • That is, if the spectrum of an su(2n + 1)2*1+1 open string 
stretched between u; c -untwisted D-branes a and (3 contains n^ a copies of the highest-weight 
representation V\ of su(2n + l)2fc+i, then the spectrum of an su(2fc + 1)20+1 open string 
stretched between u; c -twisted D-branes a and (3 contains an equal number of copies of the 
highest-weight representation V x of su(2A; + l)2n+i- 

Proof of eq. ifj.ll]) : Let p, a self-conjugate representation of su(2n + 1)2^+1, have Dynkin 
indices 

p = (2k + 1 - 2ii, ai, ■ ■ ■ , a n , a n , ■ ■ ■ , ai) (6.14) 
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where £\ = Yh=i a i- The Young tableau for p has r(p) = (2n+l)4 boxes. The representation 
7r(p)' of sp(n)fc that corresponds to p has Dynkin indices (k—£i, a 1; • • • , a n ). Let the transpose 

representation n(p)' of sp(k) n have Dynkin indices (n — 4, Si, • • • , S&), with 4 = Yjf =1 Sj. 

The representation p of su(2fc + 1)2^+1 that corresponds to it(p)' has Dynkin indices (2n + 
1 — 2£i, Si, • • • , Sfc, Sfc, • • • , Si). Finally, the representation cr £l (p) has Dynkin indices 

cr^(p) = (S £l ,S^_i, • • - ,Si,2n + 1 - 24, Si, • • • ,a £l ,0, • • • , 0) (6.15) 

where the last 2(k — £1) entries vanish since Sj = for % > l\. 

Since 7r(p)' and 7r(p)' are transpose representations, with row lengths ^ = YTj=i a j an d 
£j = Sj=j Sj respectively, their index sets, defined by [S3 EH] 

/ = {£. -i + n + 1 I 1 < i < n } ; I = {n + i-£i\l<i<£i} (6.16) 

satisfy 

IUJ = {l,2,---,n + 4}, /n7 = (6.17) 

where we have used £i = for i > £\. 

To prove that the Young tableau of a £l (p) is the transpose of p, we must show that the 
index sets EHj 

J = {Ai - z + 2n + 2 I 1 < z < 2n + 1}, 7 = {2n + 1 + % - A, | 1 < i < 2k + 1} (6.18) 

(where Aj and Aj are the row lengths of p and <J £l (p) respectively, and A 2n +i = A 2 a,+i = 0) 
satisfy 

JUJ = {l,2,---,2n + 2A; + 2}, Jn7 = 0. (6.19) 



Using eqs. ()6.14|) and ()6.15|) . one gets 

J = J x u J 2 U J 3 , J = Ji U 7 2 U 7 3 , (6.20) 

J x = {£ x + i-£i\l<i< n}, J 1 = {£ i -i+£ 1 + l\ l<i<h}, 

h = {n + A + 1}, 7 2 = {2n + 4 + ! + | 1 < i < 4}, 

J 3 = {2n + 2 + £i + ^-i I 1 < i <n}, J 3 = {2n + 24 + 1 + i | 1 < i < 2k - 2£ x + 1}, 

where £; and ti are the row lengths of the sp(n)jt and sp(A;) n representations 7r(p)' and 7r(p) . 
Using eq. (J6.17j) . one observes that 

J x u7i = {1,2, • • -,n + 4}, Jin7i = 0, 

J 2 = {n + 4 + 1}, 

J 3 U7 2 = {n + £ 1 + 2,---,2n + 2£ 1 + l}, J 3 n 7 2 = 0, 

7 3 = {2n + 24 + 2,---,2n + 2A; + 2}, (6.21) 

which establishes eq. fl6.19|) . QED. 
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7 Conclusions 



In this paper, we have continued our analysis, begun in ref. (SHj, of level-rank duality in 
boundary WZW models. We examined the relation between the DO-brane charges of level- 
rank dual untwisted D-branes of §H(N)k and sp(n)fc, and of level-rank dual u; c -twisted D- 
branes of su(2n + 1)2*1+1 ■ We also demonstrated the level-rank duality of the spectrum of 
an open string stretched between untwisted or u; c -twisted D-branes in each of these theories. 
The analysis of level-rank duality of a» c -twisted D-branes of su(2n + 1)2^+1 is facilitated by 
their close relation to untwisted D-branes of sp(n)k- 

It is expected that level-rank duality will also be present in the boundary WZW models 
and D-branes of other level-rank dual groups. Also, the level-rank duality of bulk su(N)k 
WZW models presumably has consequences for the twisted D-branes of boundary su(iV)^ 
models even when N and K are not odd. The level-rank map between the twisted D-branes 
in these cases is expected, however, to be more complicated than for su(2n + 1)2^+1- We 
leave this to future work. 

Further, it would be interesting to derive the level-rank dualities described in this paper 
directly from K-theory. 
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